
1

Finite Deformations in 

Geomechanics

Luís André Berenguer Todo - Bom
PhD student

Supervisor ðProf. Arezou Modaressi

Laboratoire MSSMAT, ECP



2

INDEX

ÇDescription

ÇCore Issues

Ç Mechanical Formulations

Ç Constitutive Models

Ç Finite Element Method

ÇApplication

EDF 2012



3EDF 2012

Description

Ç Finite deformations in geomechanics are common

ÇModelling failure mechanisms
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Finite Deformations ðCore Issues

ÇGeneralization of behaviour laws to the finite deformation range

ÇChoice of formulation ( Eulerian or Lagrangian )

Ç Choice of work - conjugate stress - strain pair

Ç Frame indifference of tensors

Core Issues ïMechanical Formulation
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ÇDeformation Gradient tensor

Using the polar decomposition theorem

R ðRotation tensor

U , V - Stretch tensors (right and left, respectively)

Core Issues ïMechanical Formulation
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ÇVelocity Gradient tensor

Decomposing in a symmetric and skew - symmetric part

Rate of deformation tensor

Spin / Vorticity tensor

Core Issues ïMechanical Formulation
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ÇStrain Tensors ( Hill strains ) ðmost commonly used

Green- Lagrange

Logarithmic

Biot

Hencky

Lagrangian

Eulerian

Core Issues ïMechanical Formulation



8EDF 2012

ÇStress Tensors

ÅCauchy (true) stress tensor

Å2nd Piola ðKirchhoff stress tensor

Lagrangian

Eulerian

Core Issues ïMechanical Formulation

Commonly known pairs of work (or energy) conjugates:

LagrangianEulerian
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Infinitesimal Theory

Undeformed state å Deformed state

Eulerian formulation å Lagrangian formulation

ÇNo distinctions among different stress and strain measures

ÇNo distinctions in work - conjugate stress - strain pairs

Ç Important limitations on geometrical changes are imposed

Core Issues ïMechanical Formulation
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Infinitesimal Theory ðHistorical choices

ÇòEngineeringó Stress - Cauchy (true) Stress

ÇòEngineeringó Strain- òReducedó Green- Lagrange

ÇMost behaviour laws are written in these terms (or their rates)

ÇGenerally, not a work - conjugate stress - strain pair

Core Issues ïMechanical Formulation
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Infinitesimal Theory ðGeometrical changes

Ç Infinitesimal Theory

Ç Infinitesimal Strains

Ç Infinitesimal Rotations

Rigid - body rotation is negligible

( Objectivity is always verified )

Core Issues ïMechanical Formulation
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Objective Stress rates ðCauchy Stress tensor

ÇObjectivity requirements (2 nd order tensor)

WARNING :

Cauchy Stress tensor

Cauchy stress rate tensor

Core Issues ïMechanical Formulation
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Finite Deformations

Historical evolution of mechanical formulations

Core Issues ïMechanical Formulation
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ÅLagrangian formulation

Elastoplasticity

Work - conjugate stress - strain pair
(frame indifferent)

2nd PiolaðKirchhoff stress tensor

Green- Lagrange strain tensor

Due to non - linear terms, the strain tensor cannot be decomposed as

Core Issues ïMechanical Formulation
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ÅLagrangian formulation

Ç The stress tensor does not have a clear physical meaning

ÇConsideration of a òpreferred stateó for the calculation of strain has no 
direct physical pertinence in the flow - like behaviour of elastoplasticity

ÇExtremely complex to introduce the concept of elastic/plastic strain
( e.g. use of the plastic strain as primitive variable )

Ç Fully justified mathematically but no direct pertinence to physical reality

Core Issues ïMechanical Formulation
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- Objective Stress rate Cauchy tensor

- Rate of deformation tensor

ÅEulerian formulation

Hypoelastic equation of grade zero

Core Issues ïMechanical Formulation
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Elastoplasticity ( de Souza et al. [2008] )

The rate of deformation tensor has a linear expression with the velocity gradient

Direct physical pertinence, conceptual clarity and structural simplicity

The expression for the elastoplastic stiffness matrix is the same as for small 
deformation for corotational stress rates since

Core Issues ïMechanical Formulation
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Objective Stress rates ðCauchy Stress tensor

Infinite possible objective stress rates ðUniqueness issue

Core Issues ïMechanical Formulation
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Simple Shear test

Hypoelasticity

Core Issues ïMechanical Formulation
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Hypoelasticity ðIntegrability issue

ÇHypoelastic rate equation is not exactly integrable

ÇPath- dependent and dissipative

ÇAlways negligible in the infinitesimal range as long as:

Ç No yielding occurs

Ç Small number of cycles in cyclic loading

Core Issues ïMechanical Formulation
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Hypoelasticity ðIntegrability issue

Core Issues ïMechanical Formulation
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ÅFormulations with unstressed configurations ( Hyperelastic )

ÇMultiplicative decomposition

ÇLocal imaginary òunstressedó 
intermediate configuration

ÇBased on the slip theory of crystals

Non - uniqueness of the separation of the gradient deformation tensor

Core Issues ïMechanical Formulation
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Non - uniqueness of the decomposition

ÇDoes not fulfil the objectivity requirement

Therefore,

Ç Isotropy of the elastic domain must be assumed

and

Ç An extra òad-hocóassumption must be made, e.g. 

Core Issues ïMechanical Formulation
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Separation of the rate of deformation tensor

or 

or 

òAd-hocóassumption such as

( ... )

Core Issues ïMechanical Formulation



25EDF 2012

ÅEulerian formulation ò re-visited ó ðLogarithmic rate

H. Xiao, O.T. Bruhns, and A. Meyers. Logarithmic strain, logarithmic spin and logarithmic rate. Acta Mechanica, 124:89ï105, 1997.

Core Issues ïMechanical Formulation
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ÅEulerian formulation ðLogarithmic rate

ÇDirect physical pertinence, conceptual clarity and structural simplicity

ÇHypoelastic rate equation is NOW exactly integrable

ÇElastic integrability ( Pragerõs criterion )

ÇUniqueness of the logarithmic rate

Core Issues ïMechanical Formulation
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Core Issues ïMechanical Formulation
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Core Issues ïMechanical Formulation
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Constitutive Models

Granular materials

Core Issues ïConstitutive Model
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Core Issues ïConstitutive Model

Reference behaviour

ÇVolumetric and Deviatoric Hardening

ÇPhase transformation (contractive - > dilative)

ÇState dependent material behaviour

ÇCritical State soil mechanics
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Core Issues ïConstitutive Model

Reference behaviour
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Finite Deformations

Ç Behaviour laws for a range of deformations Ò 30 %

Ç Are there new physical phenomena to consider ?

Ç shear banding
Ç grain breakage
Ç new phase transformation
Ç etc.

Ç Does the ò Critical State ó exist as/when defined ?

Core Issues ïConstitutive Model
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Core Issues ïConstitutive Model

Critical State Line




